JOURNAL OF APPROXIMATION THEORY 4, 387-400 (1971)

On Absolute Convergence of jacobi Series

H. Bavinck

Mathematical Centre, Amsterdam, The Netherlands
Communicated by Oved Shisha
Received October 22, 1969

1. INTRODUCTION

This paper answers a question concerning the expansion of functions in
an absolutely convergent series of Jacobi polynomials. The Jacobi poly-
nomials P®(x) are orthogonal on the interval [—1, 1] with respect to the
weight function

(1 — x)x(1 + x)? (¢ > —1,8> ~1).
They satisfy the relation

(1 —xp(1 + 29 Peo) = S ()" e by L)

(see Szegd [5, Section 4.3]), usually called Rodrigues’s formula. The
orthogonality property is given by

/ " PERG) PO — X1+ XP dx = e B) S (1.2)
-1

with
24880 g+ o 4- DI (n+ B+ 1)
ho(e, B) = , 1.3
D = T ettt e Y
8pn=0ifms~nandé, ,=1if m=n
With a function f(x) we can associate a series:
fx) ~ Y a PP (x), (1.4)
k=0

where

a, = (o )7 [ f() PEoG(t —xp(L+ 0P dx, (19)
387
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provided that the integral in (1.5) exists for all k. The coefficients a;, are then
called the Fourier coefficients of f(x).

DEFINITION. A function f(x) is said to be in the class A(x, B) if
Y ieo | x| | P&PA(x)| converges uniformly on the interval —1 < x < 1, where
ay, are the Fourier coefficients of f(x).

It is a well-known fact (see Szegb [5, Section 7.32]), that the Jacobi
polynomials reach the maximum of their absolute value on the interval
[—1,1] at x = 1, provided that « >> 8 and « > —1. Since

'tk +oa+1)

(@, _tlet+a+1)
LS e T S )

= O(k*),

it follows that a necessary and sufficient condition for f(x) to be in A(x, B)
(a=Baz=—dis

M8

la, | k< oo (1.6)

k=0

We shall study the question: for which values of y and 8 does
fx)eA(a, B)  imply f(x) € A(y, 8); (A)

where « > Band o > —1?
In the following it will always be assumed that « > max(8, —3%), B > —1.

2. THEOREMS

There is a unique way of expressing the polynomials P{#(x) in terms of
the polynomials P{"?(x), j = 0,1, 2,..., k:

k

PeR(x) = Y ¢, B; v, 8) P 9(x). 2.1)

i=0
The coefficients ¢;;(a, B; y, 6) are defined to be 0 if j> k. Rivlin and
Wilson [4] have proved the following:
THeoREM 1. If vy =8, y = —% and ¢, B; v, 8) = 0 for all j and k,
then relation (A) holds.
Proof. Let f(x) € A(a, B). Then
Y, la, | P&o(1) < o,

k=0
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where the a, are given by (1.5). We now consider the expansion

o0

f(x) ~ X bPI(x).

Then
by = (G ) [ ) PGt — (L + 7 d

= Oty 8 | ﬁ a PO Pro(x)(1 — xp(L + x)° d

I
Ms

@ |y, ) [ PLoIGe) PO — (1 + 2]

k

i
o

8

= Z /chk(a B Vs 8)

k=j

The term-by-term integration is justified by the uniform convergence. Since
v > 6 and y = —%, we know that

max | PoO(x)| = PO(1),  j=0,1,2,...

—1<exl

Thus it remains to show that the sequence

— Y 15,1 Po(1)
j=0

is bounded.
Using the fact that ¢;(«, 8; v, 6) = 0 for all j and k, we obtain

m

F, =Y Py
j=0

w0

a,c,(a, B; v, d)

m

< ;) P&a(1) l; la, | ¢, (e B; v, 9)

8

< ) la,l Z ¢l Bs v, 8) Po(1)

k=0

8

< Y la,| P&A(1) < co. Q.E.D.
k=0
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It is known (see Askey [1]) that the positivity condition for ¢;(«, B; v, 6)
is satisfied in the following cases (see Fig. 1):
i) B=2danda >y, y =3,
() a=PB,yv=38anda>y,
(iliy o« =y, B =8 — n (n a positive integer), y > 8.

§

(ay B+ 1)

(o, B)

FIGURE 1.

We shall prove now, that relation (A) holds in the following cases:
D) a=y,B<8y=34,
() a=y+pu B=8+p p>0v=max —1, s > —1.

THEOREM 2. If y = a and & = B+ pu, where p >0 and y > 8, then
relation (A) holds.

Proof. Following the proof of Theorem 1, it remains to show that the
sequence

F, =Y P&o(l)
j=0

Z akc].k(oc, B; v, 8)
k=j
is bounded.
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We now have

F, <3 Pa(1) 2 la, || clo, Bsy, 8)l
=0
< X101 E Ty B3, 91 P
k=0 j=0

k
PeB(x) =Y ¢, B5 o, B 4 p) PiPri(x),
i=0
it follows from the identity
PA(x) = (—1)* P#*)(—x) (see Szegd [5, Section 4.1])
that

k
PO) = Y (— 1o, B; o B + o) PEH(x).
j=0

In Section 9.4 of Szego [5] the following relatidn is derived:

T+ o+ 1)

PO = e T+ = BT D
GF(k+j+<x+B+1)F(k—j—ﬂ)
XZ XTG+oa+B+p+DR2i+a+B+p+1)
Ik +j+tat+B+p+2)ltk—j+ DI+ o+ 1)
XP;B+“‘“)(X).
Hence

3F(k+o¢+1)F(k+j+a+/3+1)F(k—j—p)
F <ila |i XT(Gj+a+B+p+ D2 +tat+B+utl)
Se Tt A %F(*—M)T(k+a+ﬂ+I)F(k+j+a—|—/3—|—1u+2)
XTIk —j+DIG+a+1)

X Plostu(]),

Since I'(k + «)/I'(k) = O(k*), we can estimate the order of magnitude of F,, .

o 3
Fo<cY lap|k®Y (k+jyk — jyntjotststt
k=0 i=0

© [%/2] k
< ¢ Z i a | J—8—u-1 ( Z k—u——ljm+B+u+1 + Z ku+B+u+l(k _j)—u—l)
k=0 i=0 j=[k/2]+1

a0
<c Y lay ks < oo
k=0
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THEOREM 3. If y = o — pu and 8 = B — pn, where pu > 0 and
v 2z max(8, —3), 8 > —1, then relation (A) holds.

Proof. 1t suffices to show that
%1 o o 1 ] P2-001) = Ok
Substituting the values of ¢;(, B; « — p, B — p), we obtain
Ji Py by — p, B — w))

1
« l f PB)(x) Pla=sf-u)(x)(1 — x)s=(1 4 x)f= dxl
-1

:(if(j+a+/3~2#+1)(2j+oc+/9—2u+1))

par Fla—p+DIG+B—p+1)
7 6 20—-2u+1 9 28-2u+1
(x,B) (a—u,B—u) mn — —
X f , P*P(cos §) P {cos 0) (sm 2) (cos 2) do ’

We will take the liberty of omitting lower order terms in & when they are
inessential.

We shall take the integral over [0, #/2] only. The interval [#/2, =] can
be handled similarly. It suffices to show that

( é ,-a_m)

/2 6 20—2u-+1 9 28—2u+1
11 — — (a,B) (a—p,8—1u)
X } f , (sm 2) (cos 2) P{#)(cos 0) P (cos ) db

= O(k»).

We need the following estimates for Jacobi polynomials and Bessel functions:

| Ple(cos B)] < Ame, 0 <0<, (2.2)
(Szegé [5, 7.32.6]),

| Pix(cos O)] < Anl 01 0 <0 < T, (2.3)

| LX) < Ax®, 0<x<1, (Szegd [5, 1.71.10]), (2.4

| J(x)] < Ax12, x>=1, (Szegé [5, 1.71.11]), (2.5)

J(x) = (—2~)1/2 cos (x —aZ %) + O(x—31%), (Szegb 5, 1.71(.27]6);
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We shall also need the Sonine integral

f” J(at) J(bt) dr — (a®@ — bPu—-1
o bvtu-—v~1 - 2“"""10”["(‘11, - V) >

a > b (Watson [6, Section 13.46])

2.7)
and Hilb’s formula

(sin g)a (cos g)s P®P(cos ) = N— I +n;x + 1) (sig 9)1/2 J(NO)

12027, if en 1 <O <om—e
62+20(nv), if 0 < 8 < enl,
where N =n+ (o + B+ 1)/2; ¢ and e are fixed positive numbers [5,
8.21.17).

We follow the method used by Askey and Wainger [2], and therefore
wish to replace

6 a—u+1/2 0 B—u+1/2
1/2 {cin — Z
2 (sm 2) (cos 2)
by 0421, (JO), J = j+ (x + B — 2u + 1)/2, using Hilb’s formula (2.8).
We have then to consider

[ (ing) " cosg) T Pecos 0

. G\outl/2 G\ B—u+1/2
X 321/2 (sm 5) (cos 5) Plx=mb-i)(cos b)
Tl a—p 1) g2y
IrG+1 *

Setting I = I, + I,, where, in I, , the range of integration is [1/k, 7/2]
and in [, , [0, 1/k], and using some of the estimates mentioned above, we get

P;.D‘_u’B—u)(COS 0)

I — iia—u+1
)

-u(JO)g dO‘.

k 7
I = 0<Zj“—u+1 ? k112g-s1/2gj-0 e dﬁ)
j=0

1/k

— o(ka—u " g1 b)

17k
= Ok>*(c + k*2 4 8, ,log k)
= O(k®).

k 1/k
I, = O(Zj"“‘“ f ) K0k —3/20a—u+1/2 dB)

i=0
1/k
_ 0(k2u—u+1/2 J' ) fa—n+3/2 d@)
= O(k*3).

640/4/4-4
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The process of replacing the other Jacobi polynomial by the appropriate
Bessel function is similar.
Thus we are led to investigate

L= i jowit f " (sin g)—u (cos g)—u 0J,_.(J8) J(KO) db
i=0 0

where K =k + (x + B + 1)/2. We want to replace (sin 6/2)~ (cos 6/2)*
by 8-+ It is easily seen that (sin 8/2)~* (cos §/2)~* = (8/2)~* G(8), where
G(0) = 1, G(6) is bounded and 1 — G(0) = O(6?). Thus we have to consider

L /2
E=Y jeut f gr-u(1 — G(0)) J._(JO) J.(KB) b |.
=0 0
We set E = E, + E,, where in E; the range of integration is [0, 1/k], and
in E,, [1/k, «/2].
Applying some of the estimates mentioned above, we get

k N
B = Y e | [t — 6(6) J,(06) JLKO) df
i=0 0

k 1/k
— O(Z ja—u+1jot—ukaf 02a—u+3—u d@)
§=0 0
= O(k*"2).

Using the asymptotic formula for Bessel functions and the error term,
we obtain, for p < 1,

k 11
E = Y| [0 — GO n06) .K0) db |
3=0 1/%

7 /2
f 8-+(1 — G(8)) eI+K8 dp l)
1/k

3
— O(k—1/2 Zja—u+l/2
i=0

k /2
+ 0(k-3/2 5 jeumire [ g dH)

§=0 1/k

k
— 0(k—1/2 Z ia—u+1/2 % :1{: J) + O(ka—u—l + ka—2)
=0
k172 [kf]jm—uﬂ/z k172 O i
ot s o P d
( ) 2 k—J i=[k/2]+1 k—j

= O(k=") + O(k**) + O(k**log k)
= O(k?).
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The case p == 1 is easily handled:

k
E, = O(Zj"“‘”fl
j=1

O(k>++c + k*3)), p # 3,
O(k*2 log k), p =3,
= O(k™).

Jwr/2 03—uj*1/2k-—1/29—1 d9 l)
1/k

Finally, we want to replace the range of integration [0, /2] by [0, o).
Therefore we investigate

k

2 jcx-u+1

i=0

I gy, (78) J(K) d8 [ A, Ay
72
by using (2.6). Here 4, contains the main terms and 4, all the error terms.

k o]
A, = O(k—l/z Y jeoutize f G-ueitk£d)0 g ])
=0 w/2 !

3
— O(k‘l/z Z jeutl (ke :tj)—l)

=0
= O(k>+ log k).

(o]

I
A2 — O(k—l/z Zja—u—1/2

j=0 w/2

funt d0) — O(k).
Up to an error term that we have estimated, we may write for L,
k ©
I [ |-, (8)1 (K8) o ‘
=0 0

Using Sonine’s integral (2.7), this leads to

=0 K I'(w)
= O(k—a Y ik 4 )ik -j)H)
=0
[%/2] 13
= 0(k—a+u—1 Z j2m—2u+1(k __]‘)u—l + Z jza_2u+1(k _j)u_lg)
i~0 i=[k/21+1

= O(k?).
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Combining all the estimates, we have shown that
k
Y lelon By o — p, B — )| Pemwm(l) = O(ke),
i=0

which proves Theorem 3.

3. RESULTS

Combining Theorems 1, 2 and 3, we see that for all (y, 8) in the shaded
region of Fig. 2, relation (A) holds. We shall show now by means of examples
that that region is exactly the set of all (y, 8) with y > —3%, for which (A)
holds.

Consider, first, the function (1 + x)*, u > 0. Its Fourier coefficients are

a, = h(o B fil Pl — x)*(1 + x)*++ dx.

(a,a)

IIT

(0,8)

FIGURE 2.
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Using Rodrigues’s formula (1.1) and integrating by parts, we have

v = s [ 00 () (= e s

_ I'(w+1) Lo )
= Tl B T — s ), T

— (1 2T 1) sinpr D@ + p o+ D@0+ o+ f+ 1)

. Totetpt ) I0—p
Tn+atBrptlGt+p+1)"

3.1
Thus

| @y | = O(nF-2-1),

It follows that (1 + x)* € A(x, B) if @« — B < 2p.

From (3.1) it is easily derived that the function (1 - x)*, with
(o« — B))2 < pu < (y — 8)/2, pn not an integer, belongs to A(x, ) but not
to A(y, 8). Thus we have found a function for which relation (A) fails in
region II of Fig. 2.

In the same way we can calculate the Fourier coefficients of the function
(I — x)* and obtain

lau | = O(m—21).

It follows that (1 — x)* € A(a, B) if p > 0.

But if 8 > v, the maximum of the absolute value of the Jacobi polynomials
is assumed at x = —1 and PY¥(—1) = O@®®). If & >y, the function
(1 — x)4, with 0 << p << (8 — 9)/2, p not an integer, belongs to A(a, ) but
not to A(y, 6). Thus, (A) is not valid in region I of Fig. 2.

In order to decide whether relation (A) holds in region III, we study the
function | x |“. Here

tn = (s B) [ | % [* Pe®G)(L — xp(1 + %) dx
= (halo, B | PG — 01 + 2P dx

+ (= | : x#PB(x)(1 — x)8(1 + x)* dx|.
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If Re p >n — 1, we can use Rodrigues’s formula and integrate by parts.
We obtain

@t oa+ B+ DI+ DIm+a+B+1)
- 2ntetBH1(p +B+ DI (a+p+2)

X Fw—n+1,—-8—nmaoa+t+p+2;—1)

RQu+oa+B+DIu+D)In+ ot B+ 1)
2+ 1 (n + o + DI +p+2)

X oFy(p—n+1, —a—n B+ p+2;—1) (3.2)

n

+ (=1

The hypergeometric series F; (a, b; c; —1) is absolutely convergent if
Re(a + b — ¢) < 0, which means here —a — 8 — 2n — 1 < 0. This is
always satisfied (if » = 1). In this case ,F,(a, b; c; —1) is an analytic function
of the parameters a, b and c. Since for Re u > n — 1, a, is given by (3.2),
it follows by analytic continuation that (3.2) holds for all p with Re p > —1.
Using the simple relation

Fia by c;2) = (1 — 20 ,F (b, c—ac Z_j_l_)

=1 —2)",F (c—a,b;C;E%T)

[3, Section 3.8, (4)], a, can be written in the following way:
_ Crtoa+B+ DI+ DIn+o+B+1)
250+ B+ ) I+ o+ 2)
XoFla+n+1,—B—nat+p+2;}

Cnt+oa+B+ DI+ DI+o+ B+ 1)
228+ o+ D IB+p+2)

X FB+n+1, —a—mpB+p+2;d).

n

.

An asymptotic expansion of the hypergeometric function in this case, for
large n, has been given by Watson [7].
The leading term is

2Fl(a—l—n,b—n;c;lzz)w

2009-11(1 — b + n) [(e)(1 + e~¥)eoo-172
() 2T(c — b + n)(1 — e )17

X {en=¢ 4 exp[+in(c — })] e~trrat}
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where { is defined by z=cosh{ and Re{ >0, —7 <Im { < #. The
upper (lower) sign is taken if Im z > (<) 0. In the case in which z — 1 is
real and negative it is supposed that z attains its value by a limiting process
which then determines if arg(z — 1) is = or —=. The discontinuity in the
formula is only apparent; if z crosses the real axis between -1, account
has to be taken of the discontinuity in the value of Im . Therefore,

la, | = nttln + B 1) il (n+ o+ 1) )
nl = (nl/zr(n+oc+,3—{—p,—|—2) m2ln + o+ B+p+2)
= O(n+-1P), (3.3)

Thus, in the case that & > « + 1, the function | x [* belongs to A(x, §).
In the ultraspherical case (@ = B), the Fourier coefficients can easily be
calculated. We have

1
@, = (s )™ [ x| PEo(x)(1 — x2) dx.
-1
Because | x |* is an even function, the Fourier coefficients vanish for odd .

Application of a well-known formula for ultraspherical polynomials (see
Szegb [5, 4.1.5]) yields

B 2! T'2n + « + 1) t (0,-1/2) ) a1 /2
" han(a, )2V T + o - 1) J g Fy XL =yrd +3) @

_ (=Dr@n+ 20+ D20 + 20+ 1) I(p + 1) sin(u/2) 7l'(n — (1/2))
N 2224410 4+ o + 1) I'(n + o + (f2) + §) 7/ ’

Aan

(3.4)

From (3.3) and (3.4) it follows that if y > o, the function | x |%, with
a+ % < pu<y-+ 3% pnot an even integer, belongs to A(x, 8) but not to
A(y, v). Combined with Theorem 2, this leads to the conclusion that rela-
tion (A) cannot hold in region II of Fig. 2.

Thus the shaded region in Fig. 2 is exactly the set (if y > —%) where
relation (A) holds.

By using the identity P(*P'(x) = (—1)* P®)(—x), similar results can be
obtained when o << 8.
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